Our recent paper (arXiv:1701.04298 [quant-ph]) discussed the occurrence of a coupling of centre of mass and internal degrees of freedom for complex quantum systems in non-inertial frames. There, we pointed out that an external force supporting the system against gravity plays a crucial role for the coupling between center of mass position to the internal degrees of freedom. In a comment (arXiv:1702.06670 [quant-ph]) to our paper, Pikovski et al. question our conclusion and present the argument that the lack of the coupling term would be in contradiction with the observation of gravitational time dilation using atomic clocks. Here, we elaborate on our results in reply to their criticism and clarify why our arguments remain valid.
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Although a relativistic quantum mechanical description of a conserved number of interacting particles does not exist [1] , and the notion of centre of mass (c.m.) coordinates is ambiguous in relativistic contexts [2] , a formalism introduced by Krajcik and Foldy [3] allows for a well-defined discussion of relativistic corrections to the Schrödinger equation in situations where particle creation and annihilation can be neglected.
Using this formalism, we have recently shown [4] how relativistic corrections to the dynamics of a many-body quantum systems can be derived in non-inertial frames of reference: differently to previous more heuristic arguments, our derivation is mathematically well grounded and is based on the map one can construct between symmetries and observables in (symplectic) Hamiltonian mechanics [5] .
One outcome of the analysis is that the Hamiltonian of a composite system of interacting quantum particles with total rest mass M , in a homogeneous gravitational potential, such as that of the Earth, takes the form:
where the explicit form of H cm and H rel up to order 1/c 2 can be found in Ref. [4] and is not relevant for the present discussion. This confirms previous results [6] . The term of interest here is gXH rel /c 2 , which couples the c.m. vertical position X to the internal Hamiltonian, inducing a decoherence effect in specific situations, as discussed in Ref. [6] . U ext is an external (supporting) potential. H has to be understood as a function of the c.m. position R and momentum P, and of the relative coordinates and momenta, which we collectively denote as ρ and π, respectively: H = H(R, P, ρ, π).
A second outcome of our analysis-very unsurprisingly in the light of Relativity-is that physical predictions are observer dependent, and the decoherence effect appears and disappears, and in general changes, depending on which frame one looks at things from. ("Observer" and "reference frame" are used as synonymous.) In Ref. [4] we considered four specific situations, where different things happen, depending on the relative state of motion between system and observer.
In Ref. [7] the authors criticize our analysis in two main respects: i) the fact that in some cases the decoherence effect cancels would be in contradiction with experimental evidence for time dilation (with atomic clocks); ii) the role of an external potential supporting the system against gravity would not be analyzed correctly. As a reply, we: i) make clear why our result is in no contradiction with the observation of time dilation between two (identical) atomic clocks; ii) analyze the role of the supporting potential and show that it also leads to a coupling between c.m. and internal motion at order 1/c 2 . 1. Time dilation between atomic clocks.-Take a Rindler observer 1 holding a clock, which is then at rest with respect to this observer's local reference frame, whose coordinates are labeled with the index "1". According to Eq. (1), the clock does not exhibit a coupling of c.m. position and clock Hamiltonian (H rel ): in this case R 1 = 0 and P 1 = 0, and then the Hamiltonian becomes
. Take a second observer 2 holding a second identical clock, which is at rest with respect to this second observer's local reference frame. As before, the Hamiltonian in this new frame reduces to
As the two Hamiltonians (specifically, the two internal ones) have the same functional dependence on the respective coordinates, the two clocks tick at the same rate as measured by the nearby observers. This is what one means with identical clocks. Now, the two Hamiltonians belong to different reference frames, describing the evolution in the local time coordinate of that respective frame. These time coordinates are identical to the proper times of the respective Rindler observers. Now, comparing the two clocks amounts to a comparison of the proper times of the two observers' world lines, which yields exactly the well-known classical gravitational time dilation, as elucidated for example in Weinberg's book [8] . (See Appendix A1 for a detailed deriva-tion, with specific reference to atomic clocks.)
The coupling term of c.m. position and internal Hamiltonian for a single clock, which seems to be the key element of the criticism of Pikovski et al. [7] to our work, is by no means necessary in order to explain the experimentally observed time dilation between two different clocks. It is also irrelevant for the explanation whether the considered clocks are described quantum mechanically or classically.
As our results are in no contradiction with gravitational time dilation as measured with atomic clocks, the supposed mistake found by Pikovski et al. [7] , i.e. the way we consider the supporting potential, looses its scope. However, it is interesting and relevant to further discuss the role of this potential.
2. Supporting potential.-Here the authors of Ref. [7] are partly right. We did consider a special, yet at least theoretically important situation, where a system described by the Hamiltonian H, irrespective of its internal state of motion, is held against gravity by a fixed external supporting potential U ext . Such a potential is essentially a 'counter'-gravitational potential, as, for instance, in the Newtonian case an electric potential φ el = −gmX/q would cancel gravity for a particle of mass m and charge q. This choice of potential does not invalidate one of the outcomes of our analysis, i. e. that the decoherence effect is an effect of the relative state of motion between system and observer, which the authors of Ref. [7] seem not to question.
However, inspired by the remarks of Pikovski et al. [7] , we found it relevant to enter into the details of the supporting potential. Consider first the case they consider: a potential U ext (X), function only of the c.m. (vertical) coordinate X, having a local minimum capable of holding the system against gravity. To be more specific, we choose U ext (X) = αX 2 /2 as an example of such a potential. Now, according to Hamilton's equations of motion the stationary solution is:
2 )/α. This simple result has two relevant consequences: i) First, if the internal state of the system changes (for example, by exchanging energy with the environment as in the physical situation considered in Ref. [6] ), then the c.m. starts moving. This is another way of saying that if the system's energy changes, it weights less or more and therefore its original motional state is not in equilibrium anymore. Accordingly, in the situation envisaged in Ref. [7] the c.m. is not held fixed, in general. ii) If one insists in holding the c.m. fixed, also when the internal energy changes in time, then U ext (X) must depend on the internal energy as well, opposite to what is claimed in Ref. [7] . (See Appendix A2 for further details.)
This brings us to consider a realistic potential U ext depending on the position and momentum of each particle. If we re-write the potential in the c.m. and internal coordinates, up to order 1/c 2 , we find that the general form of such a relativistic potential is
(see Appendix A3 for details), where U
ext (R) is the nonrelativistic case considered in Ref. [7] and the 1/c 2 term U (1) ext couples the c.m. position (and momentum) to the internal variables, as the term gXH rel does. This means the following: an equilibrium solution mathematically exists, however in such a case the coupling between c.m. and internal degrees of freedom is given not only by the term gXH rel /c 2 but also by the term U
ext (R, P, ρ, π)/c 2 . As such, in a situation similar to that considered in Ref. [6] the external potential gives an additional contribution to the coupling of internal motion and c.m., which can in principle dominate or (partially) cancel the gravitational coupling.
A note. Up to this point, our discussion has been completely classical, as were the critical arguments in Ref. [7] . In the quantum mechanical situation, the stationarity condition for the state of motion translates to the condition that the expectation value X is stationary, which is what we considered in Ref. [4] .
Hence we come to the following conclusion: the natural state of a system in gravity is that of free fall. In such a case, according to the equivalence principle and according to what we discussed in Ref. [4] , there is no decoherence effect unless the observer is non-inertial. Accordingly, the effect cannot be attributed to the system itself, but to the relative state of motion between system and observer. A decoherence effect can be attributed to the system when its motion deviates from free fall due to an external potential. However, it is the potential that generates the 1/c 2 coupling between c.m. and internal motion. The coupling given by gravity, originating from the non-inertial motion of the observer, adds to it. Anyhow, the observed final decoherence effect will still depend on the relative state of motion with respect to the observer. Ultimately, the decoherence effect is an effect of Special Relativity, not of General Relativity.
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APPENDIX A1: Gravitational time dilation
Gravitational time dilation can be found in basically all books on General Relativity. Here we review how it works, to stress the points of interest with respect to the discussion in the main text.
We consider four observers: one Rindler (= at rest in gravity) observer with coordinates x µ ′ = (ct ′ , x ′ ), and a nearby Minkowski (= free fall) observer with coordinates X µ = (cT, X), instantaneously at rest with respect to the Rindler observer; a second Rindler observer with coordinatesx µ = (ct ′ ,x ′ ), shifted by a quantity b in the vertical direction with respect to the first Rindler observer (the coordinate time must also change, see Eqs. (A3), (A4)); a second Minkowski observer, with coordinates X µ = (cT ,X), instantaneously at rest with respect to the second Rindler observer. The two Minkowski observers, by construction, change from time to time, but at each time they see each other instantaneously at rest, and are simply shifted with respect to each other by a quantity b in the vertical direction.
The Minkowski coordinates X µ = (cT, X) and the Rindler coordinates x µ ′ = (ct ′ , x ′ ) of the first set of observers are related as follows:
(see Eqs. (S1) and (S2) of [4] , witht ′ = 0 for simplicity and without loss of generality). The Rindler observer, located at x ′ = 0, has proper time equal to the coordinate time, i. e. dτ = dt ′ , and is subject to proper acceleration g, i. e. the usual Rindler observer.
The second Rindler observer is at point x ′ = b, with proper time dτ = (1+ gb c 2 )dt ′ and is, as we will see, subject to proper accelerationg = g/(1 + gb/c 2 ). The coordinate transformations between the two Rindler observers therefore are:
As a consistency check, a short calculation shows that:
which is the expected coordinate transformation between the second Rindler observer and the two Minkowski obersvers.
To compute time dilation between two identical clocks held by the two Rindler observers, we follow the same calculation as in the supplementary sections S1 and S2 of [4] . Specifically, we construct the two Hamiltonians for the two Rindler observers, by referring to the two instantaneous Minkowski observers, as amply discussed in Ref. [4] . They have the same form in the respective coordinates; we write explicitly the first one (Eq. (9) in Ref. [4] ):
where H Mink. c.m.
= P 2 c 2 + H 2 rel , and we have added an external potential U ext . For the second Rindler observer, all coordinates should be replaced with the "tilde" coordinates and g withg = g/(1 + gb/c 2 ). We now Taylor expand the external potential in the center of mass position X:
where
, might still depend on the internal coordinates and c.m. momentum. Since the clock is held by the Rindler observer, i. e. R = 0, P = 0 [9] , using Eqs. (A7), (A8) we obtain:
The same is true for the second clock, with respect to the second Rindler observer. In the case considered in Ref. [4] (see Eq. (12)), one immediately sees that U 0 = 0. Now we can address gravitational time dilation with atomic clocks [10, 11] . In this case the observed time dilation emerges by comparing the two identical clocks (atoms) which are at different heights. Since the comparison cannot be instantaneous, and since the Minkowski observers so far introduced change from time to time, we introduce a fifth fixed Minkowski observer with coordinates x µ = (ct, x), who at time t = 0 is instantaneously at rest with all four observers so far introduced and at that time is located at x ′ = 0, and we describe the situation from her perspective.
Suppose that at time t = 0, a photon is emitted by the second clock, which is located at x = b; the photon encodes the information about the clock's ticking rate. The photon's frequency is then compared with the ticking rate of the first clock, which by the time the photon reaches it, has been uniformly accelerated from the initial point x = 0 at t = 0.
At the time the photon is emitted, all five reference frames are at rest with respect to each other, therefore the photon's properties can be easily translated from one frame to any of the others. We first define them with respect to the second Rindler observer (Eq. (A9)), holding the emitting clock: the energy is known (as given by the atomic transition, as measured by that observer), as well as its direction of motion (it must reach the first clock); it also follows a null geodesics: this fixes the fourmomentum. Then one can easily rewrite the four-vector in the Minkowski frame of the fifth observer: we call it p µ .
So far we considered the situation at time t = 0. Now we follow the motion of the photon, as described by the fifth inertial observer. This is easy: since the motion is free, four-momentum is conserved. This is the advantage of describing the situation from the point of view of the fifth Minkowski observer. Now the question is, what is the photon's energy as measured by the first Rindler observer, or equivalently by the corresponding inertial observer instantaneously at rest, at the time the photon is absorbed. Since at that time these two observers are moving with velocity v(t) as seen by the fifth Minkowski observer, Relativity tells that the energy they measure is [12] : E(t) = −η µν p µ v ν (t), where v ν denotes the four-velocity of the Rindler observer, in the coordinates of the fifth Minkowski observer and η µν = diag(−1, +1, +1, +1). When the photon is absorbed by the first clock, its energy is shifted to [13] :
which is the usual formula for time dilation. See Fig. 1 for a representation of the whole emission/detection process. The calculation shows that time dilation is not related to the coupling between c.m. position (X) and the internal energy of a single clock (H A photon of four-momentum p is emitted at x = b at time t = 0 and at a later time t > 0 is absorbed by a detector, which is uniformly accelerated from the initial point x = 0. At t = 0 the four-velocity of both the emitter atom and detector is v(0), while at t > 0 the four-velocity of the detector is v(t). The energy of the photon as measured by the detector, is E(t) = −ηµν p µ v ν (t).
A2: Equilibrium points
We consider the Rindler Hamiltonian in Eq. (A7) and impose the condition of stationary c.m., i. e.
R = ∂H
Rindler c.m.
is a harmonic potential. It is straightforward to obtain the conditions:
The first one implies P = 0, while from the second, using explicitly the harmonic form of the potential, we obtain X = − gH αc 2 . In particular, expanding up to order 1/c 2 we obtain:
where M is the total mass of the system.
A3: External potentials
Typical non-relativistic interaction potentials depend only on the relative distance between the particles (Eq. (3.1d) of Ref. [3] ). However, equally typical, relativistic corrections, in the formalism of Krajcik and Foldy, depend also on their momenta (Eq. (3.1e) of Ref. [3] ). Thus we assume that the external potential depends on both positions and momenta, i. e.:
where x j , p j denote the position and momentum of the j-th particle, with mass m j . The expression for the c.m. coordinates in terms of the individual particles' coordinates are modified at order 1/c 2 as follows (Eqs. (2.27a), (2.27b) of Ref. [3] , respectively):
where R, P denote the c.m. postion and momentum, ρ j , π j the relative position and momentum of the j-th particle, ρ, π collectively the relative positions and momenta, χ j , Π j the relativistic corrections and M is the total mass, i. e. M = N j=1 m j . However, since U ext already depends at order 1/c 2 on momenta, we can neglect Π. On the other hand, the correction χ is always present at order 1/c 2 : the relative momenta are an intrinsic part of any multiparticle potential at that order.
We now expand Eq. (A14) up to order 1/c 2 :
ext (R, P, ρ, π),
where U
ext , U
ext denote the nonrelativistic and and first relativistic contribution, respectively. One normally assumes, when considering non-relativistic potentials, that over the volume of the system the potential is constant: this implies that U (0) ext depends only weakly on the relative degrees of freedom ρ. In particular, by neglecting this dependence we obtain: 
On the other hand, for a generic internal state of motion, we cannot neglect the dependence of U
ext on the relative momenta π. This shows that a potential will in general couple in a complicated way the center of mass vertical position X with the relative degrees of freedom.
